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Abstract— The combined efforts of theoretical computer
science, biochemistry, and nanotechnology have enabled the
design of tile-based systems capable of self-assembling intricate
patterns in a massively parallel manner, with low error rates, and
applications ranging from DNA computing to microelectronics.
However, as the underlying physical and chemical principles do
not directly translate from micro to the macroscale, the tran-
sition to centimeter-scale systems remains challenging. In this
contribution, we propose a framework for designing macroscale
passive robots (tiles) capable of targeted self-assembly under
uncontrolled external mechanical excitation. Self-assembly at this
scale is achieved by using properly designed magneto-mechanical
locks (glues) to accomplish jamming-free assembly, a dedicated
encoding of glues to guide tile interactions, and consistent
formalization of geometrical constraints that ensure the valid
assembly. The potential of our framework is demonstrated by
the errorless assembly of a chessboard pattern, thereby showing
its robustness, three-fold increase in error recovery, and two-
fold increase in growth rate, when compared to a fully magnetic
approach.

I. INTRODUCTION

Self-assembly? is a massively parallel method for bottom-
up manufacturing of complex objects. Active self-assembly
systems are controlled via assembly planning and control
algorithms, e.g, [1], [2], [3]. The assembling elements are
capable of changing the state of their connectors [4], [5],
or they are manipulated by the environment, typically a
controlled fluid flow [6], [7], [8], [9]. Thus, the process can
be dynamically driven towards the formation of the target
structure.

In contrast, the passive self-assembly requires little to no
control. It is an analogy to chemical reactions, where we
influence global parameters of the system (e.g., tempera-
ture), but not states of individual molecules. The commonly
used self-assembly approaches include (1) the tile-based self-
assembly (TBSA) proposed by Winfree [10] and (2) the DNA
origami proposed by Rothemund [11]. TBSA assumes that the
assembly occurs in an environment with freely moving tiles
that stick together upon contact. For example, in the micros-
cale (sub-millimeter) TBSA, where the tiles are woven from
DNA, the tiles are held together with bonds between their
nucleobases. As the majority of the TBSA research focuses on

IWe understand self-assembly as a dissipative assembly of elements
randomly moving within a perturbed environment.

microscale self-assembly, its technology has rapidly evolved
over the last three decades; from the assembly of a 7 nm DNA
cube [12] to assembly of a picture containing 8;704 molecular
pixels arranged in an 8 8 tile pattern [13] or implementation
of tile-based molecular computation [14] with an overall error
rate as low as 1 out of 3;000 tiles.

The transition from microscale to macroscale passive self-
assembly (with tile size exceeding a millimeter) is not strai-
ghtforward. While DNA TBSA relies on chemical bonds [10],
macroscale experiments most often utilize magnetic forces,
e.g., [15], [16], [17]. Moreover, the number of self-assembling
tiles in DNA experiments is several orders of magnitude
higher than in the macroscale case. For example, the DNA
Sierpinski triangle assembly by Rothemund et al. [18] ope-
rates with hundreds of nanomoles of tiles (106 tiles),
whereas the analogous macroscale pattern [16] is assembled
using only 14 tiles.

Although the field of macroscale passive self-assembly
exists, the complexity and size of the assembled patterns
are substantially lower than for the microscale ones. Majum-
der et al. [15] simulated a system of tiles carrying 1D magnet
arrays, where pairs of tiles form bonds when subjected to
excitation. Tiles with 2D arrays of magnets, proposed in our
previous work, assembled 2 2 squares and up to 7-tile long
linear chains [19]. Miyashita et al. [20] proposed a system
capable of assembling fragments of a chessboard correctly;
however, the assembly was prone to defects. A tile system
combining magnets and protrusions, making tile interactions
specific (allowing only certain interactions), was introduced by
Daiko et al. [16], and it has assembled a Sierpinski triangle
containing 10 tiles without errors in 30 minutes. A similar
approach was also used to assemble simple letters [17], where
the specificity was achieved by a connector consisting of a
2D array of mechanical pins whose layout was optimized
by a genetic algorithm. A connector design with respect to
the area of acceptance from configuration space was dealt by
Eckenstein and Yim [21].

The paper is structured as follows. Section Il summarizes
our contributions, and the theory of self-assembly is briefly
introduced in Section Ill. Section IV describes the proposed
framework of TBSA-compatible tile design along with the
description of prototypes. Section V describes the validation
experiment and the results we obtained, and the discussion of
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the results follows in Section VI.

Il. CONTRIBUTIONS

The main goal of this paper is to contribute to macroscale
self-assembly research by proposing a novel passive tile
system compatible with the TBSA framework. In particular,
we:

Introduce an improved tile design featuring local inter-
actions and jamming-free mechanical design,

Propose a method that allows for encoding of a given
set of binding interactions. We show that their number
grows exponentially with a tile height,

Formalize and utilize the geometrical constraints which
a macroscale tile must respect to assemble without
jamming.

Our solution is an improvement of our previous
chain/square-assembling unseeded TBSA system [19] with
fully magnetic connectors. The magneto-mechanical connec-
tor of the proposed system removes several drawbacks of
magnetic connectors, namely their low specificity [15] and
a limited number of unique connector interactions within
the system. The tile design also prevents problems with
jamming of tiles that use protrusions [17] to encode possible
interactions.

Il1l. FORMAL THEORY OF TILE ASSEMBLY

The tile-based self-assembly (TBSA) process was forma-
lized by Winfree [10] together with its elementary model-
the abstract tile assembly model (aTAM), whose parameters
have no direct physical meaning and that does not account for
errors during assembly. Even though more advanced versions
have been developed, e.g., kinetic tile assembly model [10],
two-handed assembly model [22], or staged self-assembly mo-
del [23], the presented work follows the aTAM assumptions
because of two reasons. First, we can benefit (especially in
future work) from a large body of theory developed for the
model-from proofs of the complexity of building shapes [24]
to algorithms for effective design of optimal tilesets [25], [26].
Second, we use the model to establish elementary concepts,
and the aTAM is a common ground for a wide range of
detailed self-assembly models.

The aTAM assumes that each tile is a square, and each
edge of a tile carries a glue (lock). Tiles and glues are passive
and time-invariant. Glues can be of different types and with
different strengths. Two glues of the same type are considered
to be matching. Upon contact, a permanent bond is formed
between two matching glues (and the tiles they belong to),
and the assembly grows; however, the growth can be initiated
only from a seed assembly. The tiles in the assembly can
occupy only positions determined by a regular orthogonal grid
— binding places, and the tiles are not allowed to rotate. The
terminology is illustrated in Fig. 1.

The assembly process takes place in a reactor which
supplies energy to the system. The driving of the system can
be based upon a variety of principles, e.g., DNA assembly
is commonly powered by heat [10], while macroscale expe-
riments often utilize mechanical excitation [19], [17], [16],
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Fig. 1: Hlustration of the terminology used in this work.

fans [15] or fluid turbulence [27]. The parameter expressing
the amount of excitation, the temperature, is an integer
specifying which tile aggregates will be stable and which will
not. Throughout this work, we consider a reactor temperature
of 2 and a glue strength of 1, i.e., the tile is permanently bound
to the assembly if it is connected by at least 2 matching glues.

IV. GLUE AND TILE DESIGN

This section describes the design framework of aTAM-
compatible passive macroscopic tiles. First, the design of a tile
with an increased local interaction rate is described. Then, we
derive formal constraints the tiles must satisfy for a jamming-
free assembly. The last part proposes an efficient encoding
scheme for the generation of glues.

A. Tile and glue prototypes

We propose a novel design of macroscale 3D tiles capable
of TBSA, where all the horizontal cross-sections satisfy the
jamming-free conditions stated in Section IV-B. The design
and assembly of the system are consistent with the aTAM
philosophy. Nevertheless, as the aTAM is nonphysical, some
aspects of creating a physical prototype (e.g., the extrusion to
the third dimension) required a relaxation of aTAM assumpti-
ons. Each tile is a block with vertical faces carrying arrays of
horizontal tongues and grooves (shelves), see Fig. 6, which,
together with the cylindrical magnets, form glues. The tiles
are composed of a lower and upper part that, after fitting
together, encapsulate the magnets in the pockets, see Fig. 2a.
The magnets are oriented either horizontally (in the middle
of each vertical face) or vertically (in the middle of each
vertical edge), as shown in Fig. 2b. The primary role of the
horizontal magnets is to hold matching tiles together upon
contact, while the vertical magnets lead to the formation of
temporary revolute joints between tiles, similarly to the M-
Block robot [28]. Thus, the tile with matching glues that is not
perfectly connected at a binding place has a higher chance of
binding to the assembly, as it stays in a close neighborhood
of a correct tile for a longer time. Since the magnets are
diametrically magnetized and free to rotate, all pairs of glues
are attracted together. The specificity of tile interactions is
guaranteed exclusively by the shelves. The interaction rate is
further increased by the horizontal smoothness of the tiles.
As there are no vertical obstacles, the tiles can smoothly
slide along each other, which makes it easier not only to
bind matching tiles but also to disassemble nonmatching ones.
Moreover, the vertical edges are rounded with a radius of
curvature of 0.9 mm to ensure a constant distance between
vertical magnets in a pair of rotating tiles and to reduce their
mechanical wear caused by collisions.
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Fig. 2: Dismantled tile-magnets can be encapsulated in po-
ckets in its faces and edges (a). The presented design of tiles
with magneto-mechanical glues (b).
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The tiles were manufactured using the Elegoo Mars 3D
printer with a photosensitive Prusa ABS-like resin. Each tile
weighs 16 g, its width is 27 mm, and its height 26 mm. The
distance between magnets in neighboring tiles is 0.6 mm.
Moreover, each tile carries an AprilTag [29] on its upper
face to enable camera tracking and automatic analysis of
experiments.

B. Formulation of geometry constraints

To derive conditions that guarantee the jamming-free pro-
gress of the assembly, we focused exclusively on the binding
event. The binding event is a situation when two static
tiles, forming an L-shaped assembly, accommodate a third,
matching tile. The experiments showed that tackling such a
situation is crucial for preventing obstructions in a binding
place, as illustrated in Fig. 3, which would consequently lead
to a slowdown of the assembly process or even the inability
to self-assemble.

Since the proposed tiles move within a 2D plane, we
perform the following reasoning with 2D tiles. Observations
showed that all the tiles and their binding places must sa-
tisfy two conditions, namely (1) rotation and (2) translation
conditions, to bind successfully.

As we assume that the tiles are 2D entities, each tile
can be considered as a set of points in a 2D plane. Let
a glue on a tile edge be a 1D function f : D¢ T R,
where D¢ = (0; Xtile_ wiatn) and (X) is a height of the glue
on the coordinate X, see Fig. 4. When the tiles move, the
functions associated with their glues also move. Therefore,
we must prevent their intersection to guarantee the jamming-
free motion of tiles.

1) Rotation condition: As shown in Fig. 4, each point
(Xk; F(xk)) of a glue on a rotating tile travels along a circle
defined by its center S = (X¢;Yc) and the point (Xk; f(Xk)),
with an expression
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Notice that x serves as a parameter that selects the point for
which we calculate the trajectory.

To guarantee that a point (Xk; f(Xk)) will not collide with
other points, we must ensure that the circular trajectory of the
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Fig. 3: Illustration of a blockage of a seed (grey tiles) by a
rotating (a) and translating (b) loose tile (white)-top view.

Possible centers of the
y S2 white tile rotation
during the binding event
Xk
A
(xK) Fog
o X

Xiile-width

Trajectory of the point A
during the rotation

Fig. 4: Representation of a glue as a function f—top view.

point will intersect the function f only once. Thus, formally,
the rotation condition itself states that a nonlinear equation;

Xe)? + (F()  ye)*+ye (2)

must have exactly one solution for each xix 2 D¢. Otherwise,
some collisions will occur during the rotation around S. In
practice, the tile rotates around S; or S, (as in Fig. 4) due to
vertical magnets in the tile edges. Thus, the condition must
be satisfied for both these centers of rotation.

2) Translation condition: is derived analogically and
states that:

df (x)

dx
In other words, the tangent of the function ¥ cannot have an
angle larger than 45 degrees. Otherwise, there is no way for

tiles to connect into the L-shaped structure. Regarding this
condition, the smaller the angle, the better.
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